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SOLUTIONS FOR ASSIGNMENT #9

Reading Assignments:
Sections 4.8 and 5.1 of Peskin and Schroeder.

Problem 1
Do Problem 4.3 in Peskin and Schroder.
Solution:
(a) The potential includes the following 4-point interaction vertices: (A/4)(®")* +
(A/2)(®H)%(®7)%. If all four external particles are identical, i = j = k = [, only the
contraction with the first type of vertex is non-vanishing and the symmetry factor is
4! x (—iA/4) = —6i), because there are 4! ways to contract the four identical bosons.
On the other hand, when the external particles are a pair of identical bosons, the symmetry
factor is 22 x (—iA\/2) = —2i\ since there are four different ways to contract with the second
type of vertex.

The differential cross-section in the CM frame is given in Eq. (4.85) in Peskin and

Schroeder
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Using the Feynman rules it is easy to obtain the amplitudes for the three different scattering
processes: iA(¢1p? — ¢1p?) = —2i), iA(p'pt — ¢?P?) = —2i), and iA(P ! — ¢lol) =
—67.

(b) Since the VEV minimizes the potential, the vanishing of first derivatives requires v* =
p?/X. Then we have
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Therefore o is massive with a mass \/§u and the 7% is massless.

Now we come to the Feynman rules. The 4-pt vertex with four pions is the same as in
(a), 4-pt vertex with two o-fields and two pion fields 7’7/ is —2iA\d%, and 4-pt vertex with
all four o-field is —6i\. For 3-pt vertices, all three with o-field is —6i\v = —6iv/ Ay, and
with one o-field and two pion-fields 7imd is —2i v = —2ipu/ 6.

(c) The amplitude for 7¢(ki)mi (ko) — 7 (p1)7l(ps) is
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At threshold k1 = k3 = p1 = pa = 0 because the pion is massless. Then one sees A = 0. For
the special case N = 2, there is only one species of pions, the amplitude is
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When the momentum is small comparing to the mass p, we can expand the propagator in
the large p limit to O(p?):
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Then using the momentum conservation k; + ko = p1 + po as well as the massless condition
k¥ = k2 = p? = p2 =0, we see the A = 0 at order p*.
(d) The potential and the minimization condition is now
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The solution is (®%) = ¢V, where v satisfies —p?v + Av® — a = 0. Treating a as a small
parameter we have v = u/v/A 4 a/(2u%). The spectrum of the theory is obtained by com-
puting the second derivative of the potential: m2 = 9?V(0)/00? = 2u* + 3av/A/u and
m2 = 9?V(0)/0r% = anv/A/p. So indeed the pion gets a mass proportional to a.

The Feynman rule also gets corrections due to a, which again can be obtained from
looking at the quartic term in the potential
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The 4-pt vertex comes from computing 9*V/0¢* and is not modified. The 3-pt vertex,
however, does get modified. The ©* — 1/ — o vertex comes from 9*V/On'0n’dc and the
o — o — o vertex from 9*V/do3. But then we see the modification is simply replacing the
old v in (b) by the new v = u/v/X + a/(2u?). This observation makes it easy to compute
the scattering amplitude by replacing v in the amplitude in (c¢) with the new v as well as
the mass of the o with the new mass:
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Now at threshold k? = k3 = p? = p3 = m2 = avV/\/p, (ki + k2)? = 4m2, (ky — p1)? =
(k1 — p2)? = 0. So now we have
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Indeed, it is nonvanishing and proportional to a.

Problem 2
Consider a complex scalar field ¢ coupling to the muon (p~) field p and the neutrino (v)
field v, through the following interaction

Ly = Cp(0u0)(in*ve) + (h.c.),

where we have assumed the neutrino is massless and exists only in the left-handed component
vy, = (1/2)(1 — 75)v. The complex scalar ¢ has a mass m, and the muon has a mass m,,.
(a) Compute the differential cross-secion do /dS2 for the scattering process v+ v — pt + pu~
to leading order in C'r in the centre-of-mass frame.

(b) Compute the total decay width I' of the complex scalar to leading order in Cp.

(c) We can think of the complex scalar ¢ as the charged pion 7~. In the standard model
the coefficient of the interaction is

Cr=2cosb.Gp fr

where cos . = 0.974 is the cosine of the Cabbibo angle, Gr = 1.166 x 10~ GeV 2 is the
Fermi constant, and f; is the pion decay constant. In addition, the pion mass is m, =
139.6 MeV and the muon mass m, = 105.7 MeV. The measured value of the charged pion
lifetime is 2.603 x 10~%s. Determine the value of f, in MeV. By what percentage is your
result too big or too small?

Solution:

(a) Using the momentum and spin assignment v(ky,7) + (ke, s) — p= (p1,7") + put(p2, s),
the amplitude is
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where we have used Dirac equations to simplify the numerator in getting to the second line.
After summing over final spins and averaging over initial spins, the square of the amplitude
is then

IS =

Ci m, 5 5 5 5
O T ™ [0+ ma) (=3 3] T G = )1 =7l 47
C’%mﬁ
— k k
[(kl _pl) N m ]z(pl 1)(p2 2)
In the CM frame we define the Lorentz boost factors f =v,v=1/4/1 — ﬁ2, then the kine-
matics are given as follows: p; = (mﬂfy,mufyﬁﬁ) p2 = (myy, —muyBD), k (mu'y,mufyé)
and ke = (myy, —m,y2). Also define cos = 2-p so that k1 -py = kg ps = m2y*(1— B cosb).

Then the amplitude-squared in the CM frame is
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As a simple check, the amplitude should be dimensionless, which indeed the case since
[Cr] = M~!. The differential cross-section is
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where E,, = 2m,7y. Again we see the differential cross-section has the dimension of L2
(b) For ¢(k) — v(p1,7) + = (p2, s), the amplitude is

iA = Crt'(p2) (b1 + o) 2 ()
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where I have again used the Dirac equation to simplify the amplitude. The spin-summed
amplitude-squared is

Z |A* = Tr[(p2 + my)pr (1 +7°)] = 2C5m. (p1 - p2).

In the CM frame p, = (p, pp) and p; = (y/p* + m2, —pp). Energy conservation determines

p=(mj— mi)/(2m¢), VPR —mi = (mﬁ)—i— m2)/(2mg), and py - py = (m3 —m2)/2. We
see that the ampliude-squared is isotropic in the CM frame and has no angular dependence.
Then
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(c) 7 = 1/T = 2.603 x 1078 s = 3.955 x 10" MeV. From (b) we get f, = 93.14 MeV.
Comparing with the measured f, = 92.42 MeV, the result is too large by 0.7% due to the
electromagnetic loop corrections.



